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Abstract

The semi-supervised learning usually only predict
labels for unlabeled data appearing in training data,
and cannot effectively predict labels for testing data
never appearing in training set. To handle this out-
of-sample problem, many inductive methods make
a constraint such that the predicted label matrix
should be exactly equal to a linear model. In prac-
tice, this constraint is too rigid to capture the mani-
fold structure of data. Motivated by this deficiency,
we relax the rigid linear embedding constraint and
propose to use an elastic embedding constraint on
the predicted label matrix such that the manifold
structure can be better explored. To solve our
new objective and also a more general optimiza-
tion problem, we study a novel adaptive loss with
efficient optimization algorithm. Our new adaptive
loss minimization method takes the advantages of
both L1 norm and L2 norm, and is robust to the
data outlier under Laplacian distribution and can
efficiently learn the normal data under Gaussian
distribution. Experiments have been performed on
image classification tasks and our approach outper-
forms other state-of-the-art methods.

1 Introduction

In many real-world applications, because manually label data
is expensive, we often have a small set of labeled data points
together with a large collection of unlabeled data. Such a
small size of labeled data inhabits the traditional supervised
classification methods to achieve satisfied performance. To
tackle this problem, in past ten years, the semi-supervised
methods involving both labeled and unlabeled data to train
classification model have attracted increasingly attention.
Rather than discard the unlabeled outcomes during the train-
ing process, the semi-supervised learning methods attempt to
extract information from the entire data set. The common as-
sumption of semi-supervised learning methods is that if two
input patterns are similar then their labels should also be simi-
lar. In the semi-supervised learning literature, this assumption
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is formulated by defining a similarity based adjacency graph
over the unlabeled inputs and then defining a “smooth” func-
tion on the nodes such that, to the greatest extent possible, the
function can assign neighboring nodes similar labels.

Based on this assumption, many semi-supervised learning
methods have been proposed to utilize the label propagation
from labeled data to unlabeled data on the adjacency graph.
In its simplest form, the label propagation is like a random
walk on the adjacency graph [Szummer and Jaakkola, 2002].
Using the diffusion kernel, the semi-supervised learning is
like a diffusive process of the labeled information [Kondor
and Lafferty, 2002]. The harmonic function approach [Zhu
et al., 2003] emphasizes the harmonic nature of the diffu-
sive function. The consistency labeling approach [Zhou et
al., 2004] focuses on the spread of label information in an
iterative way.

The success of semi-supervised learning is based on how
much information unlabeled data carry about the distribu-
tion of labels in the pattern space. To enhance the strength
of semi-supervise learning models, two challenges should
be addressed: 1) how to make an out-of-sample predica-
tion, i.e., to classify an input data which is not a node of
the graph defined by the unlabeled training data; 2) how to
efficiently handle the data with high-dimensional features,
such as the images, videos, and biological data. In general,
researchers hypothesize a low-dimensional manifold struc-
ture along which labels can be assumed to vary smoothly
[Belkin et al., 2006]. To discover the intrinsic manifold struc-
ture of the data, many nonlinear dimension reduction algo-
rithms have been proposed, such as Isomap [Tenenbaum et
al., 2000], Locally Linear Embedding (LLE) [Roweis and Al,
2000], Laplacian Eigenmap [Belkin and Niyogi, 2003] and
Local Spline Embedding (LSE) [Xiang et al., 2009]. How-
ever, these methods suffer from the out-of-sample problem.
Because the linear models are efficient in learning process
and have good empirical performance, the linear manifold
regularization was introduced to semi-supervised learning to
solve both out-of-sample and dimension reduction problems
[Belkin et al., 2006]. In this model, a linear discriminator in
a predefined vector space was introduced to handle out-of-
sample inputs. However, the rigid linear embedding used in
such semi-supervised learning model often restricts the iden-
tification of manifold structure and reduces the classification
performance of semi-supervised learning.
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To solve these problems, inspired by [Nie et al., 2010b], we
propose a new elastic embedding constraint on the predicted
label matrix such that the manifold structure can be better ex-
plored and a linear model is also learned for induction. More-
over, we study a novel adaptive loss with efficient optimiza-
tion algorithm, which can solve the proposed objective and
also tackle the more general problem. Our new adaptive loss
can model the objective function to be robust to the data out-
lier (under Laplacian distribution) and be efficient in learning
from the normal data (under Gaussian distribution). Experi-
ments have been performed on image classification problem
to evaluate the new method. In all empirical results, our ap-
proach outperforms other state-of-the-art methods.

2 Semi-Supervised Learning with Elastic

Embedding

2.1 Related Work

Given n training data points {x1, x2, ..., xn}, denote the data
matrix X = [x1, x2, ..., xn] ∈ R

d×n, where d is the di-
mensionality. In the graph based method, a graph is con-
structed based on the training data points and a similarity
matrix A ∈ R

n×n associated with the graph is calculated to
encode the similarities between data pairs. The Laplacian ma-
trix on the graph is defined as L = D−A, where D is the di-
agonal matrix with the i-th diagonal element Dii =

∑
i Aij .

In the semi-supervised learning methods, the training data
include only a few data points with labels, and the remaining
training data points are unlabeled. Without loss of generality,
suppose the first l data points x1, x2, ..., xl are labeled and
the data points xl+1, xl+2, ..., xn are unlabeled. For simplic-
ity and easy reading, we first discuss the binary class case
and then introduce how to extend to multiple class case. Sup-
pose the labels of the first l data points are y1, y2, ..., yl, re-
spectively. For each i, yi ∈ {−1,+1}. The task of semi-
supervised learning is to predict the labels for the unlabeled
data points and new coming data points. Denote the label
vector of the first l data points by y(l) ∈ R

l×1, where the (i)-
th element of y(l) is yi. Denote the predicted label vector by

f =

[
f(l)
f(u)

]
, where f(l) ∈ R

l×1 and f(u) ∈ R
(n−l)×1.

Recently, manifold regularization method was proposed to
perform inductive (handling both the in-sample and out-of-
sample data) semi-supervised learning, which is to solve the
following problem:

min
W,b

wTXLXTw

+α
∥∥XT

l w + 1b− y(l)
∥∥2
2
+ β ‖w‖22

(1)

where Xl = [x1, x2, ..., xl] ∈ R
d×l. The basic idea of this

inductive method is to learn a linear model by constraining
XTw + 1b = f , where w is the projection vector, b is the
bias scatter, 1 is a vector with all the elements as one.

2.2 Semi-Supervised Elastic Embedding

As can be seen in Eq. (1), the manifold regularization method
made a constraint that the predicted label matrix f must be
exactly equal to the linear model XTw+ 1b. In practice, this

constraint XTw + 1b = f might be too rigid to capture the
manifold structure of data for label propagation. Inspired by
[Nie et al., 2010b], in this paper we propose to use an elastic
term

∥∥XTw + 1b− f
∥∥2
2

to better explore the manifold struc-
ture of data and also to learn a linear model for induction.
Note that the classic linear model

∥∥XTw + 1b− y
∥∥2
2

(y is
the given labels of labeled data) is often used for classifica-
tion, the f in the elastic term is the predicted labels of both
labeled and unlabeled data. In practice, labeled data are usu-
ally few and we can make a reasonable assumption that all the
labels of the labeled data are correct, so f(l) = y(l). For these
reasons, we propose to use an elastic embedding to solve the
following problem:

min
f,f(l)=y(l),w,b

fTLf + γ
∥∥XTw + 1b− f

∥∥2
2

(2)

Note that in the elastic embedding, since all the training data
are used to learning the projection w, we do not add the regu-
larization term ‖w‖22 to avoid overfitting as in Eq. (1). Exper-
imental results show this elastic embedding model performs
well without the regularization, thus reduces the burden of pa-
rameter tuning, which is usually a difficult task in practices.

Interestingly, there is closed form optimal solution to
Eq. (2). By setting the derivative of Eq. (2) w.r.t. b to 0,
we have

b =
1

n
fT1− 1

n
wTX1 (3)

Substituting into Eq. (2), and by setting the derivative of
Eq. (2) w.r.t. W to 0, we have1

w = (XCXT )−1XCf (4)

where C = I − 1
n11

T is the centering matrix. Again substi-
tuting into Eq. (2), we have

min
f,f(l)=y(l)

fT (L+ γC − γCXT (XCXT )−1XC)f (5)

Then the optimal solution f(u) is

f(u) = −Q−1
uuQuly(l) (6)

where

Q = L+ γC − γCXT (XCXT )−1XC =

[
Qll Qlu

Qul Quu

]

2.3 Multi-Class Extension

In the multi-class case, the label matrix should be redefined.
As before, suppose the first l data points x1, · · · , xl are la-
beled. Denote the label matrix of the first l data points by
Y(l) ∈ R

l×c, where the (i, j)-th element of Y(l) is 1 if xi

is labeled as class j and 0 otherwise. Denote the predicted

label vector by F =

[
F(l)

F(u)

]
, where F(l) ∈ R

l×c and

F(u) ∈ R
(n−l)×c.

1Note that X is the total training data matrix, the null space of
the training data should be removed before learning a linear model,
so XCXT is invertible.
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Extending the graph based methods from binary class to
multi-class is usually very easy. For example, the binary elas-
tic embedding model in Eq. (2) can be extended to the multi-
class case by solving the following problem:

min
F,F(l)=Y(l),W,b

Tr(FTLF ) + γ
∥∥XTW + 1bT − F

∥∥2
F

(7)

Similarly to the problem (2), there is also a closed form opti-
mal solution to Eq. (7).

3 Semi-Supervised Elastic Embedding with

Adaptive Loss Minimization

In practice, unlabeled data are often very abundant, and usu-
ally there are some outliers in the unlabeled data. It is known
that the traditional squared L2-norm loss is sensitive to out-
liers. In this paper, we study a recently proposed adaptive
loss[Ding, 2013] which is not sensitive to outliers , then we
apply this loss function in the elastic embedding model.

3.1 Adaptive Loss Function of Vector

For a vector x, traditional L1-norm and squared L2-norm are
defined by ‖x‖1 =

∑
i

|xi| and ‖x‖22 =
∑
i

x2
i , respectively.

Using squared L2-norm as loss function is not sensitive to
small loss but is sensitive to outliers, outliers with large loss
will dominate the objective function and thus impose great
impact on the model learning. Although using L1-norm as
loss function is not sensitive to outliers, it is sensitive to small
loss (penalizes more for the small loss than L2-norm does). In
general, given a correct model, most data should have small
loss to fit the model, and only a few data have large loss to
fit the model, which can be seen as outlier under this model.
The small loss of most data can be reasonably assumed to be
Gaussian (normal) distribution, while the large loss of a few
data can be reasonably assumed to be Laplacian distribution.
Based on this motivation, we define an adaptive loss function
of vector in the model learning.

Given a vector x, the adaptive loss function [Ding, 2013]
is defined as

‖x‖σ =
∑
i

(1 + σ)x2
i

|xi|+ σ
, (8)

where xi is the i-th element of the vector x and σ is an adap-
tive parameter of the loss function. This function smoothly
interpolates between L1-norm and L2-norm. The compari-
son of L1-norm, L2-norm and the adaptive loss function with
different σ is illustrated in Fig 1. This loss function has the
following interesting properties:
1. ‖x‖σ is nonnegative and convex, which is desirable for a
loss function.
2. ‖x‖σ is twice differentiable, which is desirable for opti-
mization.
3. When ∀i, xi � σ, then ‖x‖σ → (1+σ)

σ ‖x‖22.
4. When ∀i, xi � σ, then ‖x‖σ → (1 + σ) ‖x‖1.
5. When σ → 0, then ‖x‖σ → ‖x‖1.
6. When σ →∞, then ‖x‖σ → ‖x‖22.

In this paper, we apply the adaptive loss function in the
elastic embedding model, which is to solve the following

problem:

min
f,f(l)=y(l),w,b

fTLf + γ
∥∥XTw + 1b− f

∥∥
σ

(9)

The problem (9) is convex and differentiable, we will propose
an effective algorithm to find the optimal solution.

3.2 Adaptive Loss Function of Matrix

We extend the adaptive loss function for vector to the adaptive
loss function for matrix. For a matrix X , traditional L21-
norm and squared F-norm are defined by ‖X‖2,1 =

∑
i

∥∥xi
∥∥
2

and ‖X‖2F =
∑
i

∥∥xi
∥∥2
2

respectively, where xi denotes the

i-th row of matrix X .
Given a matrix X , the proposed adaptive loss function is

defined as

‖X‖σ =
∑
i

(1 + σ)
∥∥xi

∥∥2
2

‖xi‖2 + σ
(10)

One can see when X reduced to a vector, Eq. (10) reduced to
Eq. (8).

Similarly, this loss function also has the following interest-
ing properties:
1. ‖X‖σ is nonnegative and convex, which is desirable for a
loss function.
2. ‖X‖σ is twice differentiable, which is desirable for opti-
mization.
3. When ∀i, ∥∥xi

∥∥
2
� σ, then ‖X‖σ → (1+σ)

σ ‖X‖2F .
4. When ∀i, ∥∥xi

∥∥
2
� σ, then ‖X‖σ → (1 + σ) ‖X‖2,1.

5. When σ → 0, then ‖X‖σ → ‖X‖2,1.
6. When σ →∞, then ‖X‖σ → ‖X‖2F .

In this paper, we apply the adaptive loss function in the
elastic embedding model, which is to solve the following
problem:

min
F,F(l)=Y(l),W,b

Tr(FTLF ) + γ
∥∥XTW + 1bT − F

∥∥
σ

(11)

The problem (11) is convex and differentiable, we will pro-
pose an effective algorithm to find the optimal solution in the
next section.

4 Optimization Algorithm

4.1 Algorithm for A More General Adaptive Loss
Minimization Problem

First, let us consider a more general adaptive loss minimiza-
tion problem as follows:

min
x

f(x) +
∑
i

‖gi(x)‖σ, (12)

where gi(x) is a vector or matrix output function. It can be
seen that the problem (9) and (11) are special case of the
problem (12). Based on our previous sparse learning op-
timization algorithms [Nie et al., 2010a; Cai et al., 2011;
Wang et al., 2011], we propose an iteratively re-weighted
method to solve problem (12).
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(c) σ = 10

Figure 1: Illustration of L1-norm, L2-norm and the adaptive Loss function with different σ.

Algorithm 1 Algorithm to solve the problem (12).
Guess x.
repeat

1. Calculate di = (1 + σ)
‖gi(x)‖2+2σ

2(‖gi(x)‖2+σ)2 .

2. Update x by solving min
x

f(x) +
∑
i

di ‖gi(x)‖22.

until Converges

By setting the derivative of Eq. (12) w.r.t. x to zero, we
have

f ′(x)+2(1+σ)
∑
i

‖gi(x)‖2 + 2σ

2(‖gi(x)‖2 + σ)2
gi(x)g

′
i(x) = 0 (13)

Denote

di = (1 + σ)
‖gi(x)‖2 + 2σ

2(‖gi(x)‖2 + σ)2
(14)

Then Eq. (13) is rewritten as

f ′(x) + 2
∑
i

digi(x)g
′
i(x) = 0 (15)

Note that di is dependent on x, this equation is difficult to
solve. However, if di is given for every i, then solving
Eq. (15) is equivalent to solving the following problem:

min
x

f(x) +
∑
i

di ‖gi(x)‖22 (16)

Based on the above analysis, we propose an iterative algo-
rithm to find the solution of Eq. (13), and thus the optimal
solution of problem (12). We will give a theoretical analy-
sis to prove the convergence of the proposed algorithm. The
detailed algorithm is described in Algorithm 1. In the algo-
rithm, We first guess a solution x, then we calculate di based
on the current solution x and update the current solution x by
the optimal solution of problem (16) based on the calculated
si, this procedure is iteratively performed until converges.

4.2 Convergence Analysis of Algorithm 1

To prove the convergence of the Algorithm 1, we need the
following lemma:

Lemma 1 For any vectors x, y with the same size, the fol-
lowing inequality holds:

‖x‖22
‖x‖2 + σ

− ‖y‖2 + 2σ

2(‖y‖2 + σ)2
‖x‖22

≤ ‖y‖22
‖y‖2 + σ

− ‖y‖2 + 2σ

2(‖y‖2 + σ)2
‖y‖22

Proof:

(‖x‖2 − ‖y‖2)2(‖x‖2 ‖y‖2 + 2σ ‖x‖2 + σ ‖y‖2) ≥ 0

⇒ 2 ‖x‖22 ‖y‖22 + 3σ ‖x‖22 ‖y‖2 ≤ ‖x‖2 ‖y‖2 ‖y‖22 +
‖x‖2 ‖y‖2 ‖x‖22 + 2σ ‖x‖2 ‖x‖22 + σ ‖y‖2 ‖y‖22
⇒ 2 ‖x‖22 (‖y‖2 + σ)2

≤ (|y| ‖y‖22 + ‖y‖2 ‖x‖22 + 2σ ‖x‖22)(‖x‖2 + σ)

⇒ ‖x‖22
‖x‖2 + σ

≤ ‖y‖2 ‖y‖22 + ‖y‖2 ‖x‖22 + 2σ ‖x‖22
2(‖y‖2 + σ)2

⇒ ‖x‖22
‖x‖2 + σ

− ‖y‖2 + 2σ

2(‖y‖2 + σ)2
‖x‖22 ≤

‖y‖2 ‖y‖22
2(‖y‖2 + σ)2

⇒ ‖x‖22
‖x‖2 + σ

− ‖y‖2 + 2σ

2(‖y‖2 + σ)2
‖x‖22

≤ ‖y‖22
‖y‖2 + σ

− ‖y‖2 + 2σ

2(‖y‖2 + σ)2
‖y‖22

which completes the proof. �
As a result, we have the following theorem:

Theorem 1 The Algorithm 1 will monotonically decrease the
objective of the problem (12) in each iteration.
Proof: In step 2 of Algorithm 1, suppose the updated x is x̃.
According to step 2, we know that

f(x̃) +
∑
i

di ‖gi(x̃)‖22 ≤ f(x) +
∑
i

di ‖gi(x)‖22 (17)

Note that di = (1 + σ)
‖gi(x)‖2+2σ

2(‖gi(x)‖2+σ)2 , so we have

f(x̃) + (1 + σ)
∑
i

‖gi(x)‖2+2σ

2(‖gi(x)‖2+σ)2 ‖gi(x̃)‖22
≤ f(x) + (1 + σ)

∑
i

‖gi(x)‖2+2σ

2(‖gi(x)‖2+σ)2 ‖gi(x)‖22
(18)
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According to Lemma 1, we have

‖gi(x̃)‖22
‖gi(x̃)‖2+σ −

‖gi(x)‖2+2σ

2(‖gi(x)‖2+σ)2 ‖gi(x̃)‖22
≤ ‖gi(x)‖22
‖gi(x)‖2+σ −

‖gi(x)‖2+2σ

2(‖gi(x)‖2+σ)2 ‖gi(x)‖22
(19)

Summing Eq. (18) and Eq. (19) in the two sides, we arrive at

f(x̃)+
∑
i

(1 + σ) ‖gi(x̃)‖22
‖gi(x̃)‖2 + σ

≤ f(x)+
∑
i

(1 + σ) ‖gi(x)‖22
‖gi(x)‖2 + σ

Thus the Algorithm 1 will monotonically decrease the objec-
tive of the problem (12) in each iteration until the algorithm
converges. �

In the convergence, the equality in Eq. (13) holds, thus
the KKT condition [Boyd and Vandenberghe, 2004] of prob-
lem (12) is satisfied. Therefore, the Algorithm 1 will con-
verge to an optimum solution to the problem (12).

4.3 Optimization Algorithm to Problem of Eq. (11)

In this subsection, we describe how to solve the problem (11)
based on the Algorithm 1. According to the step 2 in Algo-
rithm 1, i.e. Eq. (16), the key step of solving problem (11) is
to solve the following problem:

min
F,F(l)=Y(l),W,b

Tr(FTLF )+

γTr(XTW + 1bT − F )TD(XTW + 1bT − F )
(20)

where D is a diagonal matrix with the i-th diagonal element

di = (1 + σ)
‖xT

i W+bT−fi‖
2
+2σ

2(‖xT
i W+bT−fi‖

2
+σ)2

.

By setting the derivative of Eq. (20) w.r.t. b to 0, we have

b =
1

1TD1
FTD1− 1

1TD1
WTXD1 (21)

Substituting into Eq. (20), and by setting the derivative of
Eq. (20) w.r.t. W to 0, we have

W = (XNXT )−1XNF (22)

where N = D − 1
1TD1

D11TD is the centering matrix.
Again substituting into Eq. (20), we have

min
F,F(l)=Y(l)

Tr(FT (L+ γN − γNXT (XNXT )−1XN)F )

(23)
Then the optimal solution f(u) is

F(u) = M−1
uu MulY(l) (24)

where

M = L+ γN − γNXT (XNXT )−1XN

=

[
Mll Mlu

Mul Muu

]

Based on the above analysis, we propose an iterative algo-
rithm to solve the problem (11). The detailed algorithm is
described in Algorithm 2. The algorithm will converge to the
optimal solution according to Theorem 1.

Algorithm 2 Algorithm to solve the problem (11).
Guess W, b, F .
repeat

1. Calculate a diagonal matrix D with the i-th diagonal

element di = (1 + σ)
‖xT

i W+bT−fi‖
2
+2σ

2(‖xT
i W+bT−fi‖

2
+σ)2

2. Update F by Eq. (24), update W by Eq. (22), Update
b by Eq. (21).

until Converges

5 Experiments

5.1 Implementation Details of Our Method

Parameter selection. The proposed method has two param-
eters γ and σ in Eq. (11). The parameter γ balances the man-
ifold regularization and the proposed new loss function. For
simplicity, we set γ = 1 in all our experiments. The param-
eter σ controls the property of our new loss function: when
σ → ∞, our new loss function is equivalent to squared �2-
norm loss function; and when σ → 0, our new loss func-
tion is equivalent to �1-norm loss function. Therefore, we
can reasonably select σ in the range of [0,+∞). Upon our
preliminary experiments, we empirically set σ = 0.1 in our
experiments.
Classification rule. Given the output decision matrix F from
Algorithm 2 for both labeled and unlabeled data points, their
relevances to the classes of interest are ranked, upon which
we can assign labels to the unlabeled data points: we classify
an unlabeled data point xi (l + 1 ≤ i ≤ n) by the following
rule: l (xi) = argmaxk Fik.

For the classification of an out-of-sample data point x ∈
R

d, we first compute its decision vector by f = WTx + b,
where W is the output projection matrix and b is output bias
vector from Algorithm 2. Then we predict labels for x by
applying the same classification rules as above.

5.2 Improved Classification Results

We evaluate the capability of the proposed method in classifi-
cation tasks. We experiment with the following two data sets
Caltech-1012 and MSRC-v1 3 for four image classification
tasks, which are broadly used as benchmark in both computer
vision and machine learning studies.

For our method, besides implementing the one defined in
Eq. (11) using the new loss function, denoted as “SEE”, we
also implements the version using least square loss function
which is defined in Eq. (7) and denoted as “SEE-LS”.
Image feature extraction. We divide each image into 64
blocks by a 8 × 8 grid and compute the first and second mo-
ments (mean and variance) of each color band in the Lab color
space to obtain a 384-dimensional feature vector. Other fea-
tures can also be used for our method.
Experimental setups. We compare our method against
its most related method, i.elet@tokeneonedot, the LapRLS

2http://www.vision.caltech.edu/Image Datasets/Caltech101/
3http://research.microsoft.com/en-

us/projects/objectclassrecognition/
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Table 1: Comparison of the average macro classification ac-
curacy (mean ± standard deviation) over the 20 experimental
trials of the compared methods in the four classification tasks
from the two testing image data sets. Top: noiseless data;
bottom: noisy data with 50% training noise.
Methods Caltech-7

classes
Caltech-20
classes

Caltech-all
classes

MSRC-v1

SVM 0.75± 0.15 0.50± 0.17 0.37± 0.12 0.76± 0.20
TSVM 0.81± 0.04 0.56± 0.04 0.41± 0.03 0.78± 0.06
GFHF 0.51± 0.09 0.38± 0.07 0.21± 0.04 0.56± 0.09
GF 0.63± 0.06 0.42± 0.03 0.26± 0.02 0.60± 0.06
TCDR 0.81± 0.09 0.62± 0.04 0.51± 0.07 0.82± 0.07
LapRLS 0.77± 0.09 0.49± 0.12 0.40± 0.05 0.74± 0.06
SEE-LS 0.82± 0.04 0.65± 0.03 0.57± 0.04 0.86± 0.02
SEE 0.86± 0.05 0.70± 0.02 0.63± 0.04 0.89± 0.04

SVM 0.51± 0.12 0.33± 0.14 0.25± 0.14 0.51± 0.16
TSVM 0.63± 0.03 0.44± 0.04 0.32± 0.04 0.63± 0.05
GFHF 0.40± 0.07 0.31± 0.08 0.18± 0.03 0.45± 0.07
GF 0.51± 0.05 0.34± 0.04 0.21± 0.04 0.48± 0.05
TCDR 0.64± 0.08 0.50± 0.06 0.41± 0.05 0.65± 0.06
LapRLS 0.53± 0.07 0.36± 0.10 0.27± 0.07 0.52± 0.08
SEE-LS 0.71± 0.05 0.56± 0.04 0.49± 0.05 0.74± 0.04
SEE 0.78± 0.06 0.64± 0.04 0.57± 0.03 0.81± 0.05

method as defined in Eq. (1). We also compare our method
to the following widely used semi-supervised method includ-
ing Transductive SVM (TSVM) [Joachims, 1999] method,
Gaussian Field and Harmonic function (GFHF) [Zhu et al.,
2003] method, Green’s Function (GF) [Ding et al., 2007]
method and Transductive Classification via Dual Regular-
ization (TCDR) [Gu and Zhou, 2009] method. As a base-
line, we also report the classification performances of SVM
on the same data sets, though it is a supervised classifica-
tion method. We implement SVM and TSVM methods us-
ing the SVMlight software package4. Following [Joachims,
1999], we fix the regularization parameter C = 1 and
use the Gaussian kernel (i.elet@tokeneonedot, K (xi, xj) =

exp
(
−γ ‖xi − xj‖2

)
) where γ is fined tuned in the range

of
{
10−5, . . . , 10−1, 1, 101, . . . , 105

}
. For SVM and TSVM

methods, we employ one-vs-other strategy to deal with multi-
class data sets. We implement the other compared methods
and set the parameters to be optimal following their original
works.
Experimental results. For each of the four classification
tasks from the two image data sets, we randomly select 20%
images as labeled data and the rest as unlabeled data, on
which we perform all the compared methods. A 5-fold cross-
validation is conducted on the labeled data to fine tune the pa-
rameters of the compared methods. We repeat each test case
for 20 times and report the average performance. Because we
experiment with single-label data, the macro average classifi-
cation accuracies over all the classes of the compared meth-
ods are reported in the top half of Table 1, from which we
have a number of interesting observations as following.

First, the proposed methods are consistently better than the

4http://svmlight.joachims.org/

compared methods with a significant margin, which clearly
demonstrate their effectiveness in classification. Moreover,
the proposed SEE method always outperforms its variant of
SEE-LS method, which shows that the proposed new loss
function is better for classification tasks.

Second, our new methods obviously outperform their non-
robust and rigid counterpart, i.e., the LapRLS method, which
is consistent with our previous theoretical analyses: our
method does better in the robustness against noises and out-
lier samples that are inevitable in large-scale data and its
elasticity between the predicted and ground truth labels for
the labeled data. These important results concretely confirm
the correctness and advantage of our learning objective in
Eq. (11) over that of the LapRLS method in Eq. (1).

Last, but not least, the performance perturbation measured
by standard deviation of the SVM method is considerably
greater than those of the other six compared semi-supervised
learning methods including ours. This is because in our
experiments the amount of the labeled data (20%) is much
smaller that of unlabeled data (80%), which is the standard
semi-supervised learning setting and the settings of many real
world applications. As a result, supervised learning method
such as SVM can only use the labeled data but not able to
take advantage of the valuable information contained in the
large amount of unlabeled data, which thus demonstrate the
practical use of the semi-supervised learning methods such as
the proposed one.

5.3 Robustness of Our Methods Against Noise

Because an important advantage of the proposed new loss
function defined in Eq. (11) lies in its robustness against
noise, in this subsection we further evaluate the classification
capability of the proposed methods in semi-supervised learn-
ing on noisy data, where we use the same data and experi-
mental settings as the previous subsection with the following
change. We randomly select 50% of training data in each trial
of every experiment and assign incorrect class labels to them
to emulate noise.

The classification results of the compared methods are re-
ported in the bottom half of Table 1. A first glance at the
results show that our methods are still better than the com-
peting methods. A more careful analysis on the results show
that, although the classification performances of our methods
are not as good as those on the noiseless data, their degrada-
tions are much smaller than those of other compared methods.
From these observations we can conclude the superiority of
our new methods in their robustness against noise.

6 Conclusions

In this paper, a semi-supervised elastic embedding constraint
and a novel adaptive loss minimization method were pro-
posed. To handle the out-of-sample problem in transductive
semi-supervised learning, we relax the rigid linear model con-
straint by an elastic constraint such that the manifold struc-
ture can be better explored. Furthermore, we study a novel
adaptive loss minimization method with efficient algorithm
and rigorously proved convergence. Experimental results on
image categorizations clearly show the effectiveness of the
proposed method.
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